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Spin-orbit-assisted eletron-phonon interation and the magnetophonon resonane in
semiondutor quantum wells
D. S. L. Abergel and Vladimir I. Fal'ko
Physis Department, Lanaster University, Lanaster, LA1 4YB, UK
We introdue a spin-orbit assisted eletron-phonon (e-ph) oupling mehanism for arriers in
semiondutor quantum wells and predit qualitatively the form and shape of antirossings between
the ylotron resonane (CR) and optial (LO and TO) phonons. Sine this e-ph interation involves
the eletron spin it makes the predited TO-CR antirossing dependent on the lling fator and
therefore on the polarization of the 2D eletron gas in the quantum well.
Reently, the fabriation of very thin semiondu-
tor lms with embedded quantum wells (QW), e.g., in
GaAs/AlGaAs strutures has made it possible to perform
ylotron resonane (CR) experiments in the frequeny
range whih overs the restrahlung band in the material
1
.
As a result, the regime of the CR rossing the longitu-
dinal (LO) or transverse (TO) optial phonon - where
the magnetoplasmon in the two-dimensional eletron gas
(2DEG) is in resonane with these optial lattie vibra-
tions - beame feasible to study, subjet to the oupling
between these modes.
Near the rossings, the ylotron resonane and the
optial phonon modes may mix and form antirossings.
However for q = 0 there an be no diret CR-optial
phonon oupling due to the lattie symmetry of III-V
semiondutors
1,2,3,4
. If the inident radiation and the
magneti eld in the experiment are orientated perpen-
diularly to the plane of the 2DEG, there is no oupling
allowed in a QW as the CR rosses the LO phonon mode
beause there is no mixing of the eletri eld of the
in-plane motion of the eletrons and the out-of-plane
motion of the lattie. There is also no oupling when
the CR rosses the TO mode beause this phonon does
not arry any eletri eld and the deformation potential
with q = 0 does not allow for the emission or absorption
of TO phonons by eletrons (it only allows for e-ph ou-
pling in the seond order of the lattie displaement, that
is, eletron-phonon sattering).
In this Communiation, we propose a mehanism of
eletron-phonon interation whih does permit the mix-
ing of the CR and phonon modes
5
. This mehanism is
assisted by the spin-orbit (SO) oupling in the atomi
shells of the material and involves the eletron spin in
the interation proess. We nd that in a perpendiular
magneti eld, the CR will ouple to the TO phonon,
with the strongest oupling ouring when the eletron
gas is fully spin-polarized (for example, at ν = 1) and
reduing to zero when the eletron gas is ompletely un-
spin-polarized (e.g. at ν = 2).
We model the quantum well ontaining the 2DEG as
a thin slab of polar semiondutor mounted on a non-
polar substrate. Eletrons are onned in a QW whih is
embedded in a matrix of a material whih has not only
a dierent bandgap but also a non-overlapping phonon
density of states. For a thin slab there are two phonon
modes polarised in the plane of the slab with the fre-
queny ωx,y(q → 0) = ωTO and one mode polarised per-
pendiularly to the slab with ωz(q → 0) = ωLO.
For semiondutors with a zin-blende lattie stru-
ture we write down
6,7
the SO-assisted (Rashba-type
8
)
eletron interation with lattie displaements as
9
He−ph = α
2
σ · (p×w +w× p). (1)
This term is invariant with respet to the transformations
from the symmetry group of the zin-blende type lattie,
Td. The vetor w represents the relative displaement of
the two sublatties with respet eah other, whih ats
to deform the atomi bonds. This in turn hanges the
hopping integrals of eletrons between SO-mixed orbitals
and provides the mehanism for the oupling in Eq. (1),
parameterized using a material-dependent phenomeno-
logial onstant α.
For optial phonons onned to a N -atomi-layer
thik QW, the sublattie displaement eld w(r) =
w(x, y)βk(z) represents a standing wave in the slab
10
with βk(z) =
√
2/N sin(πkz/Na). The seond quantised
phonon eld operator an be written as
w =
∑
q,κ
√
~a2
2LxLymκωκ
eiq·x/~β(z)lq,κ(bq,κ + b
†
−q,κ) (2)
where κ = x, y, z denotes the phonon modes, lq,κ is the
unit polarisation vetor and b and b† stand for annihi-
lation and reation operators of phonons. The redued
mass of the atoms in the unit ell and frequeny of the
phonon modes aremκ and ωκ respetively, a is the lattie
onstant and Lx,y are the lateral sample size.
The high magneti eld CR an be disussed in terms
of eletron transitions between Landau levels upon ab-
sorption of a far-infrared photon. The Landau levels in-
volved in suh transitions depend on the lling fator and
the sign of the ondution band g-fator. Below we study
a 2DEG with ν ≤ 2 where eletrons oupy only the low-
est (n = 0) Landau level5. In our analysis the spin po-
larisation of the 2DEG matters beause the eletron spin
is involved in the interation. Therefore we might expet
the qualitative features of the oupling to dier for ν = 1
(a fully spin-polarized 2DEG) and ν = 2 (an un-spin-
polarized 2DEG). The inter-Landau level transtitions for
the QHE states at ν . 2 of eletrons an be desribed
using the magnetoexiton operators whih dene oher-
ent exitations of eletrons from the n = 0 to the n = 1
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Figure 1: This gure shows the quantum numbers of eah of
the primary modes in the system. When the magneti eld is
perpendiular to the 2DEG, oupling is allowed only between
modes whih onserve Jz =Mz + sz , shown in regions of the
same olour.
Landau level
11,12
:
Ψ†α,α′(Q) =
∑
p
eipQy√N a
†
1,α,pa0,α′,p−Qx . (3)
The indies α, α′ represent the spin of nal and initial
states respetively, N is the number of single eletron
states in eah Landau level and a, (a†) are single eletron
annihilation (reation) operators.
For ν = 2 the ground state has eletrons ompletely
lling both the up- and down-spin levels. The low-energy
exitations are then the spinless (CR) mode S = (Ψ↑↑ +
Ψ↓↓)/
√
2 whih has sz = 0 and energy ~ωc and three
triplet modes whih arry spin s = 1: Ψ↑↓ whih has
sz = +1 and energy ~ωc + ǫz (the Zeeman energy ǫz =
gµBB an be positive or negative depending on the sign
of the g-fator, whih we do not speify); Ψ↓↑ whih has
sz = −1 and energy ~ωc − ǫz; and T = (Ψ↑↑ − Ψ↓↓)/
√
2
whih has sz = 0 and energy ~ωc.
When ν = 1 the modes whih an be exited in the
2DEG with frequeny lose to ωc are dened by the sign
of the g-fator. If this is negative then the 2DEG is a
fully polarised system of up-spin eletrons giving rise to
exitations Ψ↑↑ (whih orresponds to the CR and has
sz = 0 and energy ~ωc) and Ψ↓↑ (whih has sz = −1 and
energy ~ωc + ǫz). In this ase the Zeeman energy on-
tains a ontribution from the eletron-eletron exhange
interation. If the g -fator is positive then the 2DEG is
fully polarised spin-down and at ω ≈ ωc the exitations
are Ψ↓↓ (the CR whih arries sz = 0) and Ψ↑↓ (whih
has sz = +1). All eletroni exitations have Mz = +1.
To analyse the ne struture of the CR at the CR-LO
and CR-TO rossings we determine the eetive oupling
between eletron inter-Landau level exitons and the lat-
tie vibrations. We represent the wave funtions of ele-
trons in the QW subjeted to a high magneti eld in
the form Φ(r) = ψn,p(y/λB)ϕ0(z) adapted to the Lan-
dau guage with vetor potential A = −Bzylx. The fun-
tion ϕ0(z) =
√
2/Na sin(πz/Na) desribes the form of
the eletron wave funtion in the QW and the Landau
level states ψn,p are related to eah other by raising and
lowering operators π = −λB/
√
2~(px − ipy) and π† =
−λB/
√
2~(px + ipy) suh that π
†ψn,p =
√
n+ 1ψn+1,p,
πψn,p =
√
nψn−1,p and πψ0,p = 0. Sine eah eletron in
the 2DEG overs many (N) atomi layers, the eetive
oupling of an eletron is
Zp =
2πξk~a
λB
√
2~
mpωp
, (4)
whih is redued by the fator
ξk =
α
2
∫ Na
0
βk(z)|ϕ0(z)|2 dz =
{
0 even k,
4α
k(4−k2)pi
√
2
N odd k.
The oupling is strongest with the lowest mode k = 1
whih will be the only mode we disuss in the following
analysis. The subsript p = LO, TO denotes the phonon
branh.
When B = Blz, the rotational symmetry about the z
axis of both the Hamiltonian and the interation makes
the projetion Jz = Mz+sz of the total angular momen-
tum arried by an exitation an exat quantum number.
As a result only modes whih have the same value of Jz
an mix by the interation in Eq. (1), as illustrated in
Fig. 1 where eah exitation has been plaed aord-
ing to its orbital momentum and spin. The eletron and
phonon modes whih an mix must belong to the same
onstant-Jz `diagonal' highlighted using shaded stripes.
To dene TO phonon modes with xed angular momen-
tum near the Γ-point (enter) of the Billouin zone we
introdue the linear ombinations of degenerate x- and
y-polarised vibrations7,13
b± = (by ± ibx) /
√
2. (5)
Then b+ beomes the annihilation operator for the
phonon arrying Mz = +1 and b− for Mz = −1. For
ompleteness we mention that the z-polarised vibration
bz (with LO phonon frequeny) has Mz = 0 and all
phonon modes have s = 0. For example, the seletion
rule for the mode mixing illustrated in Fig. 1 shows that
the phonon mode b− and the spin-ip mode Ψ↑↓ annot
mix with any other modes but that b+ may ouple only
to Ψ↑↑ or Ψ↓↓. Below we onsider seperately the ou-
plings at lling fator ν = 1 (for positive and negative g)
and for lling fator ν = 2 sine eah of these systems
has its own set of magneto-exitons.
The ne struture of the spetrum of modes Ω±ep near
a rossing an be desribed by the equation
~Ω±ep = (~ωe + ~ωp)/2±
√
(~ωe − ~ωp)2/4 + γZ2p , (6)
found by diagonalising the appropriate Hamiltonian di-
retly. The subsripts e and p = LO, TO identify the
3b+
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Figure 2: Antirossings of eletroni modes and the TO
phonon. Throughout the solid lines denote optially ative
modes (the CR) and phonon modes while dotted lines repre-
sent the optially passive spinful eletroni modes. (a) When
the CR rosses the TO mode at ν = 1 there is a splitting of
magnitude δTO = 2ZTO . (b) When ν = 2 the CR is deoupled
from the TO phonons (δTO = 0), but the spinful magnetoex-
iton T mixes with b+ and has a splitting of δ˜
0
TO = 2
√
2ZTO .
The tik marks denote the point ωc = ωTO .
eletroni and phonon modes involved in the oupling
respetively. The numerial parameter γ is lling-fator-
dependent and should be speied for eah individual
individual pair of modes. We alulate the size of the
minimum splitting as ~(Ω+ep −Ω−ep) and label it by δp for
optially ative eletroni modes, δ˜0p for passive modes
with sz = 0, and δ˜
s
p for passive modes with |sz | = 1.
For ν = 1 and g < 0 the eletrons ll the up-spin states
and therefore the magnetoplasmons in this onguration
are the optially passive Ψ↓↑ and the CR mode Ψ↑↑. The
Hamiltonian desribing possible ouplings of the eletron
and phonon modes generated by the mirosopi meha-
nism in Eq. (1) an be written down as
Hˆν=1,g<0 =
[
Ψ†↑↑, bˆ
†
+,Ψ
†
↓↑, b
†
z
]
×
×


~ωc ZTO 0 0
ZTO ~ωTO 0 0
0 0 ~ωc − |ǫz|
√
2iZLO
0 0 −√2iZLO ~ωLO




Ψ↑↑
b+
Ψ↓↑
bz

 . (7)
Therefore, at the rossing of the CR with the TO phonon
when the eletron gas is fully spin-polarized, the Hamilto-
nian (7) gives the oupling parameter γ = 1 whih leads
to the splitting δTO = 2ZTO, as shown in Fig. 2(a). At
the rossing of the CR with the LO phonon for this lling
fator and sign of the g-fator, the optially ative mode
is deoupled from the phonons, giving δLO = 0. In the
ase where g < 0, desribed by the Hamiltonian in Eq.
(7), the seletion rules represented in Fig. 1 show that
the LO phonon an ouple with the optially inative
Ψ↓↑ mode. The latter antirossing is parameterised by
γ = 2 whih gives δ˜sLO = 2
√
2ZLO, with the antirossing
diagram plotted in Fig. 3(a).
When g > 0 the ground state of the 2DEG with ν = 1
onsists of down-spin eletrons. The exitations
13
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Figure 3: Crossings in the region of the LO phonon. Solid
lines denote optially ative eletroni modes (that is, the
CR) and the phonon modes; dotted lines represent spinful
eletroni modes. (a) When ν = 1 and g < 0 the CR is
deoupled from the LO phonon, but there is a splitting of
magnitude δ˜sLO = 2
√
2ZLO between the LO phonon and the
spinful Ψ↓↑ mode. (b) For ν = 2 and g < 0 the CR is deou-
pled from the LO phonon, but the mode Ψ↓↓ does split with
magnitude δ˜sLO = 2
√
2ZLO. () When ν = 1 and g > 0 there
is no oupling of any modes. (d) For ν = 2 and g > 0, the
oupled spinful mode splits from the LO phonon with magni-
tude δ˜sLO = 2
√
2ZLO . Tik marks on the horizonal axis show
where ωc = ωLO.
this state are Ψ↓↓ and Ψ↑↓ and the Hamiltonian is
Hˆν=1,g>0 =
[
Ψ†↓↓, bˆ
†
+,Ψ
†
↑↓, b
†
z
]
×
×


~ωc ZTO 0 0
ZTO ~ωTO 0 0
0 0 ~ωc − ǫ′z 0
0 0 0 ~ωLO




Ψ↓↓
b+
Ψ↑↓
bz

 . (8)
Using the diagram in Fig. 1 we nd that while Ψ↓↓ may
ouple to the b+ phonon (whih leads to the same split-
ting δTO = 2Z as for the g < 0 ase), the onservation of
Jz forbids any oupling of Ψ↑↓. This means that there is
no oupling between inter-Landau level exitons and the
bz phonon, so that δ˜
s
LO = 0.
The analysis above also applies to the ase ν ≪ 1 whih
represents a very low density eletron gas.
In the 2DEG with ν = 2 both spin-up and spin-
down states in the lowest Landau level are lled so that
the exitations in the 2DEG with energy lose to ~ωc
are Ψ↑↑, Ψ↑↓, Ψ↓↑ and Ψ↓↓. Figure 1 shows that lin-
ear ombinations of Ψ↑↑ and Ψ↓↓ may ouple to the b+
phonon and that Ψ↓↑ may ouple to the bz phonon. The
4linear ombinations whih are relevant are the modes
S = (Ψ↑↑ + Ψ↓↓)/
√
2 and T = (Ψ↑↑ − Ψ↓↓)/
√
2. The
mode S is spinless and therefore orresponds to the CR.
The resulting Hamiltonian is
Hˆν=2 =
[
S†, T †, b†+,Ψ
†
↓↑, b
†
z
]
×

~ωc 0 0 0 0
0 ~ωc
√
2ZTO 0 0
0
√
2ZTO ~ωTO 0 0
0 0 0 ~ωc + ǫz −
√
2iZLO
0 0 0
√
2iZLO ~ωLO




S
T
b+
Ψ↓↑
bz

 .
The unoupled modes b− and Ψ↑↓ are not shown. This
Hamiltonian reveals that for ν = 2 the CR is deoupled
from the phonons at the TO resonane beause the spin
polarisation of the ν = 2 ground state is zero, that is
δLO = 0. However, oupling between the spinful mode
T and the TO phonon, and Ψ↓↑ and the LO phonon are
possible and are both parametrised by γ = 2 leading to
δ˜0TO = δ˜
0
LO = 2
√
2Z. The resulting antirossing diagrams
are shown in Fig. 2(b) for the TO rossing, Fig. 3(b) for
the LO rossing with g < 0, and Fig. 3(d) for the LO
rossing with g > 0.
If the magneti eld is slightly tilted away from the z
diretion e.g. as B = B‖lx+B⊥lz = B(sin θlx+cos θlz),
then Jz is no longer a good quantum number and ad-
ditional ouplings beome permitted. The Landau lev-
els in the 2DEG are dened with respet to the perpen-
diular omponent of the magneti eld and aordingly
λB =
√
~/(eB⊥). The oupling of the CR at the TO
resonane shows the same qualitative features as before,
with a redued splitting value δTO = 2ZTO cos θ for ν = 1
whereas it remains as δTO = 0 for ν = 2. Regarding
the optially passive ouplings near the TO resonane,
the sz = 0 mode T an ouple to the b+ phonon with
δ˜0TO = 2
√
2ZTO cos θ, and the spinful modes Ψ↑↓ and Ψ↓↑
an eah ouple to the b+ phonon with δ˜
s
TO = 2ZTO sin θ.
Also the CR in a tilted eld an show a lling-fator-
dependent oupling with the bz phonon whih has the
frequeny ωLO. At ν = 1 the splitting is given by δLO =√
2ZLO sin θ and at ν = 2 by δLO = 0. When ν = 2 the T
mode an ouple to the bz phonon with δ
0
LO = 2ZLO sin θ,
and the |sz| = 1 modes an ouple with the bz phonon
with δ˜sLO =
√
2ZLO(cos θ + 1) for the Ψ↓↑ mode and
δ˜sLO =
√
2ZLO(cos θ − 1) for the Ψ↑↓ mode.
In onlusion, we introdued an e-ph oupling meh-
anism in III-V semiondutor quantum wells whih is
able to generate antirossings between the CR with and
TO phonon mode, and the inter-Landau-level spinful
magneto-exiton with both the TO and LO phonons.
The proposed e-ph interation is assisted by the spin-
orbit oupling. The resulting antirossings of the ele-
troni and lattie modes are dependent on the polariza-
tion of the eletron gas and therefore varies with the ll-
ing fator. The oupling of the CR with the TO phonon
is strongest when the eletron gas is fully spin-polarized -
that is, at ν = 1 - and may be observable experimentally
if the CR is swept through the TO frequeny for lling
fators in the range 0 ≤ ν ≤ 1. However, the eet is
absent in the viinity of ν = 2. Tilting of the magneti
eld also generates a weak antirossing between the CR
and the LO phonon.
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